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Abstract 
In this paper, a new mathematical method is used to study the indefinite equa-
tions of binary quadratic and binary arbitrary order, the problem of judging 
and solving these indefinite equations with or without solutions is solved. 
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1. Introduction 

On the whole, there is no uniform method to solve the indefinite equations of 
more than two degrees, but some results have been obtained for some special 
equations of higher order [1]. 

If a positive integer can be expressed as the sum of squares of two numbers, it 
is generally difficult to give a formula to express its solution in detail [2]. 

The study of indefinite equation ( )3n nm qx py n= + ≥  is very rare, and there 
is no general determination method for this kind of indefinite equation with and 
without solutions, and there is no general method for solving it. 

In this paper, the following problems will be solved by using the Euclidean 
algorithm: 

1) A general solution for 2 2m x y= +  is given (its solution is expressed in a 
formula). 

2) Give a determination method for ( )2n nm qx py n= + ≥  with or without 
solutions. 
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3) A general solution for n nm qx py= +  is given. 

2. Definition 

Definition 1 
Let ,q p N +∈ , 3m ≥ , , ,q p m  are all given positive integer, if | nm qz p+ , 

then 

 ( )modnqz p m≡ −  (1) 

For the solution of congruence (1), see [3]. 
Definition 2 
Let 3m >  is a known positive integer, ( )modnqa p m≡ − , ,q p  is a known 

positive integer, 2n ≥ , ( ), 1q p = , define the following procedure as m and a  
Euclidean algorithm.  

Denoted by the symbol: ( ) ( )mod, nqa p mm a
≡−



. 

1 1m q a r= +              10 r a< <                 (2) 

2 1 2a q r r= +              2 10 r r< < ，              (3) 

1 3 2 3r q r r= +              3 20 r r< < ,               (4) 

                        

3 1 2 1i i i ir q r r− − − −= +      1
n

iqr m− > , 1 20 i ir r− −< < ,          (5) 

2 1i i i ir q r r− −= +        n
iqr m< , 10 i ir r −< < ,           (6) 

                        

3. Lemma 

Lemma [4] Let m and a  be positive integers, and do the Euclidean algorithm: 

1 1m q a r= + ,             10 r a< <  

2 1 2a q r r= + ,             2 10 r r< <  

                        

2 1k k k kr q r r− −= + ,          10 k kr r −< <  

                        

record 

0 1 1 1 21, , , 2k k k ks s q s q s s k− −= = = + ≥  

0 1 1 20, 1, , 2k k k kl l l q l l k− −= = = + ≥  

then 

( ) 11 .k
k k kml as r−− = −                       (7) 

4. Theorems 

Theorem 1. Let all positive integer of 3m > , ( )2 1 modz m≡ −  less than 
2
m   

be solved as: 1 2, , , ka a a . Then m and ta  Euclidean algorithm, 2 2m x y= +  
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for all positive integer solution. 1, ,t k=  . tm a−  is the negative integer solu-
tion (the same result is obtained with all negative integer solutions). 

Proof: Let’s prove that 2 2m x y= +  has a positive integer solution: 
From ( )2 1 modta m≡ − , we know: 2 1ta lm+ = , l is a positive integer, m is a 

factor of 2 1ta + , and 2 1ta +  has only prime factor of 2 and 4n + 1, so m also 
has only prime factors of 2 and 4s + 1, therefore, 2 2m x y= +  has positive inte-
ger solutions [5]. 

( ) ( )2 1 mod
,

tt a m
m a

≡−



 and according to (7) obtain: 

( ) 11 .j
j t j jml a s r−− = −                       (8) 

Modulo m to (8) to obtain the congruence: 

( ) ( )11 modj
j j tr s a m−− × ≡ −                    (9) 

Let square both sides of (9):  

( )2 2 2 modj j tr s a m≡ ×                      (10) 

Since ( )2 1 modta m≡ − , the congruence (10) morphs into: 

( )2 2 0 modj jr s m+ ≡ . 

Or 2 2
j j jr s l m+ =                        (11) 

jl  is a positive integer. 
From ( )2 1 modta m≡ −  we know that: ( ), 1a m = , take ( ) ( )2 1 mod

,
tt a m

m a
≡−



, al-

ways get the following result: 

1 1tm q a r= +            1 00 tr r a< < = , 

2 1 2a q r r= +              2 10 r r< < , 

1 3 2 3r q r r= +              3 20 r r< < , 

                        

3 1 2 1i i i ir q r r− − − −= +       2
1ir m− > , 1 20 i ir r− −< < , 

2 1i i i ir q r r− −= +          2
ir m< , 10 i ir r −< < , 

                        

2 1k k k kr q r r− −= +              1kr = . 

According to the above result and (7), a further result can be obtained: 
When k is even: 

( ) ( ) ( )1 2 1 11 1 2 1 1, , , .k k kk k k ks r r s r r s r r−− − − − − −= = = = = =  

( )2 2
1 111

2 2 22

, , .k i i i i k k ikk
r r r m r m s s r r r− +  +− − 

 

= < > = = = =  

When k is odd: 

1 1 2 2 0, , , , , .k k j k j k k k ts r s r s r s r r a− − − −= = = = = =   

( )2 2
1 1 1 1 1 1

2 2 2 2

, , .k i i i i k k k ik
r r r m r m s s r r r− − − − + +

−
= < > = = = =  
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According to the above result: 

1.i is r +=  

Since 1i ir r+ < , according to (6) of definition 2: 2
ir m< , so the  

2 2 2
1i i ir s r m+ = < < . 
According to (11) we get 2 2

i i ir s l m+ = , since il  is a positive integer, therefore  

1il = . 

Resulting in: 2 2 2 2
1i i i im r s r r += + = + . That is 1,i ix r y r += = . 

Inference:  
According to theorem 1, for any positive integer m, as long as there is a , 

such that ( )2 1 moda m≡ − , then a positive integer solution of 2 2m x y= +  can 
be obtained by Euclidean algorithm, the following indefinite equations can ob-
tained by this method: 

( )12 2
1, 2 , 1 mod 4 , 1,2, , ; 0,1.r

r sm x y m p p p s rα αα α= + = ≡ = =   

Example 1. Find all positive integer solutions for 2 228249 x y= + . 
Solving the congruence ( )2 1 mod 28249z ≡ −  yields the following four posi-

tive integer solutions: 
606,6118,11266,11471.  

( ) ( )2606 1 mod2824928249,606
≡−



 Giving: 1 1 1140, 93; 140, 93i ir r x y+= = = = . 

( ) ( )26118 1 mod2824928249,6118
≡−



 Giving: 1 2 2157, 60; 157, 60i ir r x y+= = = = . 

( ) ( )211266 1 mod2824928249,11266
≡−



 Giving: 1 3 3168, 5; 168, 5i ir r x y+= = = = . 

( ) ( )211471 1 mod2824928249,11471
≡−



 Giving: 1 4 4165, 32; 165, 32i ir r x y+= = = = . 

Theorem 2. Set the , 1q p ≥ , for a given positive integer, ( ), 1qx py = , 2n ≥ , 
if ( )modnqz p m≡ −  no positive integer solutions, then 

n nm qx py= +  

No positive integer solution.  
Proof: If n nm qx py= +  has a positive integer solution, set it as: ( )0 0,x y , 

that is: 

( ) ( )0
0 0 0 0

0

,  mod ,  mod .
n

n n n n x
m qx py qx py m q p m

y
 

= + ≡ − ≡ − 
 

 

When the ( )0

0

mod
x

a m
y

≡ , then ( )modnqa p m≡ − , with the  

( )modnqz p m≡ −  unsolved contradictions. 

Theorem 3. Set the , 1q p ≥ , m > 1, for a given positive integer, ( ), 1qx py = , 
2n ≥ , if ( )( )mod modnqz p m m≡  no positive integer solutions, then 

n nm qx py= −  

No positive integer solution.  
Proof: If n nm qx py= −  has a positive integer solution, set it as: ( )0 0,x y , 

that is: 
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( ) ( ) ( )( )0
0 0 0 0

0

,  mod mod ,  mod mod .
n

n n n n x
m qx py qx p m y m q p m m

y
 

= − ≡ ≡ 
 

 

When the ( )0

0

mod
x

a m
y

≡ , then ( )( )mod modnqa p m m≡ , with the  

( )( )mod modnqz p m m≡  unsolved contradictions. 

Theorem 4. m is a given positive integer no nth power factor, 2n ≥ . , 1q p ≥  
are all given positive integer, without nth power factors. ( ), 1q p = ,  

( )modnqz p m≡ −  for all positive integers less than m are solved as:  

1 2, , , ka a a . 1, ,t k=  . (when n is even, only take all positive integer solutions 

less than 
2
m , since tm a−  and ta  yield the same result). 

Respectively ( ) ( )mod
, n

tt qa p m
m a

≡−



 and according to (7), respectively 

( ) 11 i
i i ir l m s a−− × = −                      (12) 

When n is even, if for some ta , when 1
n

iqr m− > , n
iqr m< , n

ips m< , then 
n nm qx py= +  there are positive integer solutions. 

When n is odd, if for some ta  such that i is even and  

1 , , ,n n n
i i iqr m qr m ps m− > < <  

Then 
n nm qx py= +  there are positive integer solution. 

If for all ta  such that 1 , ,n n n
i i iqr m qr m ps m− > < >  and when n is odd, i is odd, 

then n nm qx py= +  there is not positive integer solution. 
Proof: take (12) modulo m to get: 

( ) ( )11 modi
i i tr s a m−− × ≡ −                    (13) 

If n is even, raise both sides of (13) to the power n and multiply q to get: 

( )modn n n
i i tqr s qa m≡  

Since ( )modn
tqa p m≡ − , ( )0 modn n

i iqr ps m+ ≡ , n n
i i iqr ps l m+ = . 

According to (6) of the definition of ( ) ( )mod
, n

tt qa p m
m a

≡−



: n
iqr m< , if one 

n
ips m< . 

Then 

.n n
i im qr ps= +  

If n is odd, raise both sides of (13) to the power n and multiply by q: 

( ) ( )11 modi n n n
i i tqr s qa m−− ≡ −                   (14) 

If there is an ta , such that i is even and n
ips m< , because  

( )modn
tqa p m≡ − , 
Then (14) become: 

( )0 modn n
i iqr ps m+ ≡  

If there is a ta  such that i is even and n
ips m< , from the definition of 
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( ) ( )mod
, n

tt qa p m
m a

≡−



 We know: n
iqr m< , therefore 

.n n
i iqr ps m+ =  

If for all ta  such that n
ips m>  and when n is odd, i is odd, then  

n nm qx py= + . 
There are not positive integer solution. 
This is because: when n is even, there is for any j: 

.n n
j j jqr ps l m+ =  

When j i> , j is s> , n
jps m> , when j i< , n

jqr m> , so, for any j have: 

.n n
j jqr ps m+ >  

When n is odd and i is odd, n n
i i iqr ps l m− = . n n

i iqr ps m+ ≠ . 
Example 2. Find the positive integer solution of 3 314978 3 5x y= + . 
Solving the congruence ( )33 5 mod14978z ≡ −  yields the following 3 positive 

integer. 
Solution: 1153,7705,13609. 

( ) ( )33 1153 5 mod1497814978,1153
× ≡−



 is obtained: 2 11ir r= = , 13is = ,  
35 13 14978× < . 

( ) ( )33 7705 5 mod1497814978,7705
× ≡−



 is obtained 5 6ir r= = , 5 208s = , n is odd, i is 

odd. 

( ) ( )33 13609 5 mod1497814978,13609
× ≡−



 is obtained 5 8ir r= = , 5 50s = , n is odd, i is 

odd. 
From the above results we can see: 2i = , 3

23 3993 14978r× = < ,  
35 13 14978× < . 

So the positive integer solution of the indefinite equation is: 
11,  13.x y= =  

Example 3. Find the positive integer solution of 5 520527956 x y= + . 
Solving the congruence ( )5 1 mod 20527956z ≡ −  yields the following 5 posi-

tive integer solutions: 

3539303,6224291,6284051,17595395,20527955.  

( ) ( )53639303 1 mod 2052795620527956,3539303
≡−



 Giving: 4 7ir r= = , 4 29s = , 

529 20527956< . 

( ) ( )56224291 1 mod 2052795620527956,6224291
≡−



 Giving 9 13ir r= = , 9 60s > , n is 

odd, i is odd. 

( ) ( )62840515 1 mod 2052795620527956,6284051
≡−



 Giving 9 23ir r= = , 9 60s > , n is 

odd, i is odd. 

( ) ( )517595395 1 mod 2052795620527956,17595395
≡−



 Giving 2 29ir r= = , 2 7s = , 

57 20527956< . 

( ) ( )20527955 1 mod 2052795620527956,20527955
≡−



 Giving 1 1ir r= = , 1 1s = , n is odd, 
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i is odd. 
From the above results we can see: 4i = , 5 5

4 29 20527956s = < . 
So the positive integer solution of the indefinite equation is: 

7,  29.x y= =  

From the above results we can see: 2i = , 5 5
2 7 20527956s = < . 

So the positive integer solution of the indefinite equation is: 
29,  7.x y= =  

Example 4. Find the positive integer solution of 3 326067 7x y= + . 
Solving the congruence ( )37 1 mod 26067z ≡ −  yields the following 3 positive 

integer solutions: 6890,19208,26036. 

( ) ( )37 6890 1 mod 2606726067,6890
× ≡−



 is obtained 8 10ir r= = , 8 227s = ,  
3227 26067> . 

( ) ( )37 19208 1 mod 2606726067,19208
× ≡−



 is obtained 4 14ir r= = , 4 14ir r= = ,  
319 26067< . 

( ) ( )37 26036 1 mod 2606726067,26036
× ≡−



 is obtained 3 4ir r= = , 3 841s = , n is odd, i 

is odd. 
From the above results we can see: 4i = , 3 3

47 7 14 26067r× = × < ,  
319 26067< . 
So the positive integer solution of the indefinite equation is: 

19,  14.x y= =  

Example 5. 
Example 5. Find the positive integer solution of 4 459783703 5 11x y= + . 
Solving the congruence ( )35 11 mod59783703z ≡ −  has no positive integer 

solution. 
According to theorem 2: indefinite equations have no positive integer solu-

tion. 

5. Conclusions 

For the indefinite equation 2 2m x y= +  (m is a given positive integer), as long 
as ( )2 1 modz m≡ −  has a solution, the positive integer solution can be obtained 
by the Euclidean algorithm. 

For the indefinite equation n nm qx py= +  ( 2, , ,n m q p≥  are all given posi-
tive integer, ( ), 1q p = ), it can be solve by solving the congruence  

( )modnqz p m≡ −  method to judge whether the equation has a positive integer 
solution, if ( )modnqz p m≡ −  has no positive integer solution, then the equa-
tion has no positive Integer solution; if the congruence formula has solutions, it 
can be judged and solved according to the Euclidean algorithm given in this paper. 

The above method is a general and effective method. 
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